Abstract. In this paper, we construct certain algebraic correspondences between genus three curves and certain type of Calabi-Yau threefolds which are double coverings of three dimensional projective spaces. Via this correspondence, the first cohomology groups of the curves can be embedded into the third cohomology groups of the Calabi-Yau three folds. Moreover we prove that the cokernel of this inclusion of variations of Hodge structures cannot be a factor of any variations of Hodge structures comming from polarized abelian schemes.
The same algebraic correspondence is constructed independently in unpublished work by I. Dolgachev-E. Merkmann (1994) . The author would like to express his thanks to Prof. I. Dolgachev for the communication. We remark that the above homomorphism specializes to that defined by the "symmetric construction" in [T1] , if the curve C specializes to a hyperelliptic curve. Let us recall the symmetric construction briefly. Let C be a hyperelliptic curve of genus three defined by
We define a double covering X of P 3 by
in the weighted projective space P(1, 1, 1, 1, 4). Here ξ 0 , ξ 1 , ξ 2 , ξ 3 are homogeneous coordinates of degree one and η is that of degree four. Then the variety X is a Calabi-Yau variety, i.e., it has only Gorenstein singularities and has the trivial dualizing sheaf admitting a global crepant resolution (see [CM] ). Let C (1) , C (2) , C (3) be three copies of the curve C. The action of µ 2 = ι on C defined by the hyperelliptic involution ι yields an action of µ 2 3 on C 3 = C (1) × C (2) × C (3) . The symmetric group S 3 of degree three acts on C 3 by permuting the components, and as a consequence, we obtain an action of semidirect product (µ 2 3 ) S 3 on C 3 . Let N be the kernel of the homomorphism µ 2 3 → µ 2 : (ζ 1 , ζ 2 , ζ 3 ) → ζ 1 ζ 2 ζ 3 . Then the semi-direct product G = N S 3 is a normal subgroup of µ 2 3 S 3 of index two. Since the quotient of C 3 by the group (µ 2 3 ) S 3 is isomorphic to (P 1 ) 3 /S 3 P 3 , the quotient of C 3 by G is a double covering of P 3 . Since the covering map
branches exactly along the eight hyperplanes H i = {λ 3 i ξ 1 + λ 2 i ξ 2 + λ i ξ 3 + ξ 4 = 0}, we have an isomorphism
over (P 1 ) 3 /S 3 P 3 . The above isomorphism is written as (ξ 1 : ξ 2 : ξ 3 : ξ 4 : η) = (−1 : x 1 + x 2 + x 3 : −(x 1 x 2 + x 2 x 3 + x 3 x 1 ) : x 1 x 2 x 3 : y 1 y 2 y 3 ).
on the affine part of C 3 . Here (x i , y i ) is a coordinate of the affine part of C (i) for i = 1, 2, 3.
Since the variety X has only rational singularities, H 3 (X, Q) is equipped with a pure Hodge structure of weight three. By the isomorphism (1.2), we have an isomorphism of Hodge structures: 3 H 1 (C, Q) H 3 (X, Q).
The composite morphism
defines a family of smooth rational curves in X parameterized by C. (See Section 4.3 for details.) From this family of smooth rational curves in X, we get a homomorphism of Hodge structures:
cyl: H 1 (C, Q)(−1) → H 3 (X, Q). (1.4) This map is the specialization of the map (1.1) in the following sense. Let M be the moduli space of genus three curves with level 2N-structures (N ≥ 2) and p: C → M and Ξ: X → M the universal families of plane quartic curves and double coverings of P 3 . The family of algebraic correspondences in Theorem 1.1 give rise to a homomorphism of variations of Hodge structures:
The variations of Hodge structures R 1 p * Q(−1) and R 3 Ξ * Q and the homomorphism cyl extend to those on M. The homomorphism (1.4) is the fiber of (1.5) at the point corresponding to the hyperelliptic curve C.
In the last part of this paper, we study the variation of Hodge structures obtained by the cokernel Coker (cyl) of the homomorphism (1.5). By the isomorphism (1.3), the restriction of Coker (cyl) to the hyperelliptic locus is isomorphic to the primitive part of the third higher direct image of the relative Jacobian scheme as variations of Hodge structures. The Hodge type of Coker (cyl) at each fiber is (1, 6, 6, 1). Nevertheless, we have the following theorem. THEOREM 1.2. (Theorem 6.6) There exists no polarized abelian scheme a: A → M of relative dimension three, whose degree three primitive part
of the higher direct image is isomorphic to Coker (cyl). Here L denotes the Lefschetz operator for the polarization.
The contents of the paper is as follows: We recall several basic facts concerning net of quadrics in Section 2. In Section 3, we construct an algebraic correspondence between a non-hyperelliptic curve of genus three and a double covering of P 3 using the theory of net of quadrics. In Section 4 and 5, we prove the injectivity of the homomorphism induced by this correspondence (Theorem 1.1). In Section 6 and Section 7, we compute infinitesimal variations of Hodge structure to conclude Theorem 1.2. Notation 1.3. Quadratic polynomials Q(x 1 , . . . , x k ) of x 1 , . . . , x k are in one to one correspondence with k×k symmetric matrices Q by the relation Q(x 1 , . . . , x k ) = (x 1 , . . . , x k )Q t (x 1 , . . . , x k ). The corresponding symmetric matrix Q is also denoted by Q if there are no confusions. The rank of the quadric is defined by the rank of the corresponding symmetric matrix. The space of quadratic form on V is denoted by Sym 2 (V).
For a vector space V, the projective space (V − {0})/C × associated to V is denoted as P(V). For a homogeneous polynomial f on V, the subvariety of P(V) defined by f is denoted as Z( f ). The point of the dual projective space P(V * ) corresponding to a hyperplane W ⊂ P(V) is denoted by [W] . The hyperplane in P(V * ) associated to a point b ∈ P(V) is denoted by M b .
Acknowledgments. The author would like to thank Keiji Matsumoto for discussions, which gave a motivation of this paper. The statement of Theorem 1.2 is a refinement of the first version of this paper, which was suggested by the referee. The author would like to express his thanks to the referee. After finishing this paper, the relevant paper [GSZ] was pointed out by K. Zuo and B. van Geemen, which treats general configurations of eight hyperplanes and hyperelliptic locus. The author is grateful for the information.
2. Net of quadrics in the three dimensional projective space. Let V be a four dimensional vector space. For a three dimensional subspace L in Sym 2 (V), the associated linear system P(V) − − → P(L * ) is denoted as Φ L . A two dimensional linear system is called a net. The member of the linear system corresponding to t ∈ P(L) is denoted as Q t ⊂ P(V). The locus of singular quadrics in P(L) is denoted as C(L). A net of quadrics in P(V) is called regular if C(L) is smooth. In this case, C(L) is a smooth plane quartic curve and is called the plane quartic curve associated to L. By choosing a basis Q 1 , Q 2 , Q 3 of L and basis x 0 , . . . , x 3 of V, the subvariety C(L) of P(L) is defined by the polynomial det (t 1 Q 1 +t 2 Q 2 +t 3 Q 3 ). For a regular net of quadrics L, the rank of the quadric t 1 Q 1 + t 2 Q 2 + t 3 Q 3 is three for all t = (t 1 : t 2 : t 3 ) ∈ C(L) and the base locus B of the net of quadrics Φ L consists of distinct eight points. Moreover any four points in the base locus do not lie on a common plane.
Let b 1 , . . . , b 7 be generic seven points in P(V). Then the space L of quadratic polynomials on V vanishing at b 1 , . . . , b 7 is a three dimensional vector space, and Φ L is a regular net of quadrics. Moreover the base locus B of the net of quadrics is a zero dimensional reduced subscheme consisting of eight points containing
A configuration of eight points in P(V) is called a regular Cayley octad if it is the base locus of a regular net of quadrics. By associating the base locus a net of quadrics, we get a one to one correspondence between the set of regular nets of quadrics in P(V) and that of regular Cayley octads. The set of choices of two points in {b 1 , . . . , b 8 } corresponds one to one to the set of odd theta divisors of C(L), and there is one to one correspondence between the set of odd theta divisors and that of bitangents of C(L).
We have the following four moduli spaces:
(1) The moduli space M 1 of regular Cayley octads {b 1 , . . . , b 8 } in P(V).
(2) The moduli space M 2 of regular nets of quadrics in P(V).
(3) The moduli space M 3 of smooth plane quartic curves.
(4) The moduli space M 4 of non-hyperelliptic smooth curves of genus three. Then we have the following morphisms
The morphisms f 1 and f 3 are isomorphisms and the morphism f 2 is an etale finite morphism of degree 36.
Definition 2.1. (Steinerian curve) Let Q 1 , Q 2 , Q 3 be a regular net of quadrics and C the associated plane quartic curve. Then Z(Q t ) is a cone over a smooth conic in P(V) for t ∈ C. By attaching the vertex s(t) of Z(Q t ) to a point t ∈ C, we have a map s: C → P(V). The image s(C) of C under the morphism s is called the Steinerian curve [DO] .
It is known that the Steinerian curve is of degree 6 and isomorphic to C via the map s: C → P(V). The Steinerian curve is disjoint from the base locus of the net of quadrics. The embedding s is equal to the linear system defined by the sum of canonical class and one of 36 even theta divisors.
Double covering branched along eight hyperplanes.
We use the same notations as in the last section. Let {b 1 , . . . , b 8 } be a regular Cayley octad in P(V) and C be the associated plane curve. Let H 1 , . . . , H 8 be the hyperplanes corresponding to b 1 , . . . , b 8 in the dual projective space P(V * ) of P(V). Let X be the double covering branched along the union of the hyperplanes H 1 , . . . , H 8 . The covering map X → P(V * ) is denoted by π. Since any four points in {b 1 , . . . , b 8 } are not contained in a common plane by the condition of regular Cayley octad, the union D = ∪ i H i is a normal crossing divisor. Therefore the double covering X has only Gorenstein singularities and the trivial dualizing sheaf admitting a global crepant resolution (see [CM] ). A variety with this property is called a Calabi-Yau variety.
In this section, we define a double covering C # of the curve C and a closed subvariety U # in C # × X of codimension two. A component U of U # defines an algebraic correspondence between the varieties C and X.
Let t be a point in C. Then Q t ⊂ P(V) is a cone over a smooth conic. We define a rational curve γ t in P(V * ) by Proof. By Proposition 3.1, the normalization of π −1 (γ t ) is an etale double covering of a smooth rational curve. Therefore it is a disjoint union of two copies of γ t .
By attaching the irreducible components of π −1 (γ t ) to t ∈ C, we get a double covering C # (possibly not irreducible) of C. More precisely, the covering C # is defined as the Stein factorization of the normalization of the map
obtained by the second projection. The irreducible component of π −1 (γ t ) corresponding to a pointt ∈ C # is written asγt. Proof. Since the rank of Q t is equal to 3 for any point t ∈ C, γ t is a smooth rational curve of degree two in P(V * ). We will show that it is not contained in H i for any i. The curve γ t is contained in H i if and only if the vertex s(t) of the quadric Q t coincides with one of a base point b i but for a smooth plane curve C of degree four, any intersection of bitangents is not contained in C. Therefore γ t is not contained in H i . As a consequence, π −1 (γ t ) has exactly two irreducible components and C # is etale over C.
Let U # be the universal family
Then we have the following diagram:
PROPOSITION 3.4. The curve C # is a union of two copies C (1) and C (2) of C.
Proof. To prove the proposition, it is enough to prove the monodromy action on the irreducible components of π −1 (γ t ) is trivial. We compute the monodromy action when the plane quartic curve tends to a hyperelliptic curve. This will be done in Proposition 4.4.
4. Twisted cubic and hyperelliptic curves.
Special net of quadrics.
In this subsection, we consider a special net of quadrics generated by
Here we used the correspondence between quadratic polynomials and symmetric matrices in Notation 1.3. Then the intersection T = Z(Q 1 ) ∩ Z(Q 2 ) ∩ Z(Q 3 ) is a twisted cubic curve defined by the image of the map
The defining equation of the singular locus of the net of quadrics Φ Q 1 ,Q 2 ,Q 3 is equal to
The conic {t 1 t 3 − t 2 2 = 0} in P(L) is denoted as D. We choose a parameter of D as (t 1 : t 2 : t 3 ) = (1 : x : x 2 ). The singular quadratic polynomial Q t for t = (t 1 : t 2 : t 3 ) = (1 :
Then γ x is equal to
Proof. By direct computation, we can check that the hyperplane
3 ) = 0}. Since the curve γ x is known to be of degree two, we have proved the lemma.
A deformation of special net of quadrics. Let
Then the equation of the discriminant locus F(t 1 , t 2 , t 3 , u) = det (t 1 Q 1 (u) + t 2 Q 2 (u) + t 3 Q 3 (u)) can be written as
such that {f (t 1 , t 2 , t 3 )} ∩ D consists of distinct eight points and C : {f (t 1 , t 2 , t 3 ) = 0} is a smooth plane curve.
Proof. We consider a deformation given by
Then we have Q i (0) = Q i for i = 1, 2, 3, and
The intersection of C = {8(t 4 1 + t 4 2 + t 4 3 ) = 0} and D consists of distinct eight points and C is smooth. Thus we have proved the proposition for a generic deformation.
4.3.
Smooth familyC and its double covering C # . Let f (t 1 , t 2 , t 3 ) be a generic homogeneous polynomial of degree four. Then the zero locus Z( f ) is smooth and the set {(t 1 : t 2 : t 3 ) | t 1 t 3 − t 2 2 = 0, f (t 1 , t 2 , t 3 ) = 0} consists of distinct eight points
We define a family of plane curves C of degree four over ∆(u) by
2 − uf (t 1 , t 2 , t 3 )} By Proposition 4.2, there is a family of nets of quadrics Q 1 (u), Q 2 (u), Q 3 (u) in P(V) such that the family of associated plane quartic curve is isomorphic to C. By changing the base
where (ν : t 1 : t 2 : t 3 ) is the coordinates of the weighted projective space P(2, 1, 1, 1). Thus we have a smooth family
of curves of genus three over ∆(v). The central fiber p −1 (0) =C 0 is a hyperelliptic curve. The inverse image p −1 (∆(v) * ) of ∆(v) * is denoted asC 0 .
We have a family of regular Cayley octads By the above proposition, the fiber β −1 (0) of β at 0 consists of distinct 8 points {(λ 3 i :
We consider a family of Calabi-Yau varieties X over ∆(v) defined by (2) ofC Proof. To prove the proposition, it is enough to show the fiber of the covering (4.5) at v = 0 is a union of two copies ofC 0 . The equation of the fiber of X and C at v = 0 is
, and (4.6)C 0 :
By restricting the equation (4.6) to the curve γ x given in (4.2), we have
Therefore the rational curve γ x can be lifted to a rational curveγ (1) x,y in X 0 defined by
Since the family {γ (1) x,y } of rational curves is parameterized by (x, y) ∈C 0 , we have a morphismC 0 → C # 0 . Therefore the covering C # 0 →C 0 is a union of two copiesC 
Algebraic correspondence.
Let U ⊂ C × X be the family of rational curves on X parameterized by C defined in Definition 3.5. By using the cycle class cl(U) ∈ H 4 (C × X, Q)(2), we have the following diagram of homomorphisms:
Here V(i) denotes the Tate twist of V. The composite homomorphism
is called the cylinder map for U. We consider the family U of the universal family over ∆(v):
Then we have a homomorphism cyl of local systems induced by the family of algebraic correspondences U:
By specialization argument, we have the following corollary.
COROLLARY 5.2. The homomorphism (5.1) is injective.
Proof of Theorem 5.1. To prove the injectivity of the map (5.2), it is enough to show the injectivity for the fiber of (5.2) at v = 0. In this case, the homomorphism cyl is described by the homomorphism ϕ defined in §1. By the the isomorphism (1.2), we have
where the finite group G is defined in §1. Let (x, y) be a point inC 0 . By the equation (4.7), the rational curveγ (1) x,y in X 0 defined by (4.7) is equal to the image of the map I x,y defined by
Therefore the universal family U ⊂C 0 × X 0 is equal to the image of the map
Using this description of the universal family, the fiber H 1 (C 0 , Q) → H 3 (X 0 , Q)(1) of the homomorphism (5.2) at v = 0 is identified with the map
given by a 1 → a 1 ∧ φ, where φ corresponds to the polarization of H 1 (C 0 , Q). Therefore it is injective.
6. Cokernel of cylinder map and infinitesimal variation of mixed Hodge structure.
6.1. Hodge structures of double coverings and Jacobian rings. Let M be the moduli space of genus three curves with level 2N structures (N ≥ 2) and p: C → M be the universal curve over M. Let M he be the hyperelliptic locus of M and the complement M\M he is denoted by M 0 . Then the restriction p 0 : C 0 = p −1 (M 0 ) → M 0 is a family of plane quartic curves with level 2N structures. By choosing one of the family of even theta divisors Θ, we get a family
of Cayley octads. The closure of
Then B is a disjoint union of eight copies of trivial covering of M. By taking an etale covering θ:M → M of M, we can choose a double coveringΞ: Let C he be the restriction of C to the hyperelliptic locus M he . Since the third higher direct image sheaf R 3 j * Q of the relative Jacobian variety j: J(C he /M he ) → M he is isomorphic to 3 R 1 j * Q, the restriction of the cokernel Coker (cyl) of
to the hyperelliptic locus M he is isomorphic to the primitive part of the third higher direct image sheaf
In this section, we prove that there does not exist a polarized abelian scheme a: A → M whose primitive part R 3 a * ,prim Q is isomorphic to Coker (cyl). We recall computations of the infinitesimal variations of Hodge structure of double coverings branched along normal crossing eight hyperplanes using Jacobian rings. (2) Under the above identification, the Kodaira-Spencer map
is identified with the multiplication map of the Jacobian ring. (3) There is an isomorphism t: R( X) 6,3 → C such that the cup product
is identified with the following composite map
The groupG = µ 2 8 acts on the variety X and the ring R( X) by
Then the double covering X is isomorphic to the quotient X = X/G of X by the action of G. Therefore the Hodge structure of X is the invariant part of H 3 ( X) under the action of G.
PROPOSITION 6.2. Let R( X)G be the fixed part of R(X). Under the identification in Proposition 6.1, we have
for i = 0, 1, 2, 3. The tangent space of the moduli space coming from deformations of configurations of hyperplanes is identified with R( X)G 2,1 .
Proof. Let χ be the character of G defined by (m i ) i → i m i and Ω be the differential form defined by
Recall that the isomorphism R( X) 2i,i H 3−i,i (X) is obtained by the composite
Then the group G acts of on Ω and H 3 (X) via the character χ. Therefore the action of G on f is trivial.
The invariant part of R( X) under the action ofG is isomorphic toR = C[u 1 , . . . , u 8 , q 1 , . . . , q 4 ]/J, where η 2 i = u i andJ is generated by Let T be the linear span of the set {τ i } i=1,...,6 inR. Then the vector space T is the tangent space of the moduli space of Cayley octads at B.
Infinitesimal variations of Hodge structure for abelian schemes.
In this section, we use the same notations C, X and B of the last subsection. The point in M corresponding to C is denoted by P. We recall the definition of infinitesimal variations of polarized Hodge structure. To a variation of Hodge structures H of weight q over M and a tangent vector at a point P in M, we can naturally associate an infinitesimal variation of polarized Hodge structure on the direct product ⊕ i+j=q H i,j P of Hodge components of the fiber H P . The variation of Hodge structures R 3 Ξ * Q and a tangent vector θ at P give rise to the following infinitesimal variation of polarized Hodge structure:
Similarly, the variation of Hodge structures R 1 p * Q gives rise to the following infinitesimal variation of polarized Hodge structure:
Since the homomorphism (5.2) comes form a family of algebraic correspondences, the two infinitesimal variations θ C , θ X are compatible. Therefore we have the following commutative diagram: prim (X))-valued quadratic form on TM P , which is denoted as Q X .
We consider infinitesimal variations of Hodge structure arising from weight one variations. Let H 1,0 , H 0,1 be 3-dimensional C-vector spaces and (, ) be a nondegenerate pairing H 1,0 ⊗ H 0,1 → C. 
